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In the classical “slope—intercept” method of determining the zeta
potential and the surface conductance, the relationship between
AP and E; is measured experimentally at a number of different
channel sizes (e.g., the height of a slit channel, h). The parameter
(ereg AP/ EsAp) is then plotted as a function of 1/h and linear re-
gression is performed. The y-intercept of the regressed line is then
related to the ¢-potential and its slope to the surface conductance.
However, in this classical method, the electrical double layer effect
or the electrokinetic effects on the liquid flow are not considered.
Consequently, this technique is valid or accurate only when the
following conditions are met: (1) relatively large channels are used;
(2) the electrical double layer is sufficiently thin; and (3) the stream-
ing potential is sufficiently small that the electroosmotic body force
on the mobile ions in the double layer region can be ignored. In
this paper a more general or improved slope-intercept method is
developed to account for cases where the above three conditions
are not met. Additionally a general least-squares analysis is de-
scribed which accounts for uncertainty in the measured channel
height as well as unequal variance in the streaming potential mea-
surements. In this paper, both the classical and the improved slope—
intercept techniques have been applied to streaming potential data
measured with slit glass channels, ranging in height from 3 um
to 66 wm, for several aqueous electrolyte solutions. The compari-
son shows that the classical method will always overestimate both
the ¢-potential and the surface conductance. Significant errors will
occur when the classical method is applied to systems with small
channel heights and low ionic concentrations. Furthermore, it is
demonstrated that traditional regression techniques where the un-
certainty is confined only to the dependent variable and each mea-
surement is given equal weight may produce physically inconsistent
results. © 2000 Academic Press

Key Words: zeta potential; surface conductance; streaming po-
tential; microchannel flow; linear regression.

1. INTRODUCTION

trostatic charge on the solid surface will attract the counterions
the liquid. The rearrangement of the charges on the solid surfa
and the balancing charges in the liquid is called the electric:
double layer, EDL (1). Because of the electrostatic interactior
the counterion concentration near the solid surface is higher th
that in the bulk liquid far away from the surface. Immediately
next to the surface, there is a layer of ions that are strong
attracted to the solid surface and are immobile. This layer |
called the compact layer, normally less than 1 nm thick. Fror
the compact layer to the uniform bulk liquid, the counterion con
centration gradually reduces to that of bulk liquid. lons in this
region are affected less by the electrostatic interaction and a
mobile. This layer is called the diffuse layer of the EDL. The
thickness of the diffuse layer depends on the bulk ionic cor
centration and electrical properties of the liquid, ranging fron
a few nanometers for high ionic concentration solutions up t
several micrometers for distilled water and pure organic liquid:
The boundary between the compact layer and the diffuse lay
is usually referred to as the shear plane. The electrical potent
at the solid—liquid surface is difficult to measure directly; how-
ever, the electrical potential at the shear plane, called the ze
(¢) potential, is a property of the solid—liquid pair, and can be
measured experimentally (1).

When a liquid is forced to flow through a microchannel unde
an applied hydrostatic pressure, the counterions in the diffu:
layer (mobile part) of the EDL are carried toward the down:
stream end, resulting in an electrical current in the pressur
driven flow direction, called the streaming current. Corresponc
ing to this streaming current, there is an electrokinetic potenti
called the streaming potential. This flow-induced streaming pc
tential is a potential difference that builds up along a microchar
nel. This streaming potential acts to force the counterions in tf
diffuse layer of the EDL to move in the direction opposite to
the streaming current, i.e., opposite to the pressure-driven flc
direction. The action of the streaming potential will generate a

Generally, most solid surfaces have electrostatic charges wisiertrical current called the conduction current. Itis obvious ths
in contact with a liquid medium. If the liquid contains a very?hen ions move in a liquid, they will pull the liquid molecules
small number of ions (for instance, due to impurities), the ele@long with them. Therefore, the conduction current will produc

aliquid flowin the direction opposite to the pressure-driven flow
The overall result is a reduced flow rate in the pressure drop c

1 Towhom correspondence should be addressed. E-mail: dli@mie.utorontorection. If the reduced flow rate is compared with the flow rat
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FIG. 1. Parallel plate microchannel for streaming potential measurements.

predicted by the conventional fluid mechanics theory withopending on the application. lons from the double layer regio
considering the presence of the EDL, it seems that the liquade transported along with the streaming solution, resulting |
would have a higher viscosity. This is usually referred to as tleestreaming currents, in the direction of flow. The resultant
electroviscous effect (1). electrostatic potential or streaming potenttl, then induces a
In addition to thez-potential, another important interfacialflow of ions in the opposite direction known as the conductiol
electrokinetic parameter is the surface conductance. The surfageent,l.. When the summation of the streaming and conduc
conductance usually is referred to the electrical conductivitipn current is zero the flow reaches a steady state. As will &
through a thin liquid layer near the solid-liquid interface wherelaborated on below, the relationship betw&gandA P is then
there is a net charge accumulation due to the charged soligsed to determine the electrokinetic properties of the surface
liquid interface. Thez-potential and the surface conductance Figure 1 shows a flat plate or slit microchannel composed «
are key interfacial electrokinetic properties to a huge numbertwio flat, parallel, solid surfaces between which a liquid flows
natural phenomena, such as electrode kinetics, electrocatalyisiggeneral the height of these channels is much less than th
corrosion, adsorption, crystal growth, colloid stability, and flowidth so that side effects can be ignored and it is customary
characteristics of colloidal suspensions and electrolyte soluticassume the flow as one-dimensional. Such devices are prefer
through porous media and microchannels. For example;thefor making streaming potential measurements over cylindric
potential is a key parameter in determining the interaction energgpillaries since both surface treatment and quantitative analy
between particles and hence the stability of colloid suspensiare greatly facilitated (4-7). Recently Werretral. (8) have
systems. In electroosmotic flow or pressure-driven flow througleveloped an advanced flat plate streaming device which alloy
fine capillary tubes, the-potential and the surface conductancadjustment of the channel height via a micrometer screw.
will critically influence the velocity or flow rate. In many cases, As mentioned earlier the streaming current is the flow of th
knowing the surface conductance is a must in order to evaluatgalanced ions in the mobile double layer region caused by t
the ¢-potential and other electrokinetic properties correctly. pressure-driven liquid flow through a channel. The streamin
The methods for measuring electrokinetic properties of solidarrent for a slit microchannel is defined by (referring to Fig. 1

liquid interfaces generally can be classified into one of three cate- a

gories: electrophoresis, electroosmosis, and streaming potential =2 d 1
techniques (1). Electrophoresis techniques have long been pop- s=2 [ v(y)p(y)wdy. [1]
ular for determining the-potential of colloidal suspensions, but 0

have also been applied to solid surfaces by crushing the surfagerea is the half-height of the channel, equivalenhi@, w is
into fine particles and then dispersing them into an aqueous §¢s width,v,(y) is the velocity profile of the liquid, which varies
lution (2). In the electroosmotic approach an electrical field '@ﬂy in the y direction for 1-D flow, andp(y) is the volume
applied to the ends of a small capillary tube, resulting in a bo@énsity of the net charge across the parallel plate channel. Th
force applied to the fluid within the double layer region neajith a knowledge of the net charge distribution and the velocit
the Wa” Measurements Of the tOtal VO|ume ﬂOW rate can thwof"e the Streaming current can be evaluated.

be related to the-potential (3). Generally very low flow rates  For a solid surface in an infinite liquid medium, the distribu-
are observed in this technique and will limit the accuracy of theyn of volume density of the net charge in the EDL is describe

measurement. by the Poisson—Boltzmann equation, which for the case beil
Likely the most commonly used method of measuring integpnsidered here takes the form

facial electrokinetic properties is the streaming potential tech- )
nique. Inthe streaming potential technique a pressure difference, dy _ _p(Y) 2]
AP, is applied across a small channel, fine capillary, or plug de- dy? &r€o
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whereg, is the electrical permittivity of a vacuums; is the lowing for easier integration of Eq. [5],
relative dielectric constant of the liquid, amdis the electrical

potential at a distancg from the shear layer. Substituting the ~ ~ _ A_Pa_2<l 3 X) <1+ X) . Apa? 1
above into Eq. [1] yields 7L 2u a a L u

y

7 8

o thus leaving a simple linear approximation to the velocity profile
ls = _zwgrgof v, Y dy. [3] inthe EDL. Itshould be realized that the above velocity profile i
dy? obtained without considering the EDL or electrokinetic effect or
the liquid flow in the fine capillary. Therefore, it is not difficult
To evaluate Eq. [3] the integration by parts method is used tgsunderstand that for _smaller channels and thicker electric
below, double layers the error in Eq. [8] becomes severe.
Taking the derivative of Eq. [8], substituting it into Eq. [5],
= and applying the boundary conditiofigy = 0) = ¢ andy/(y =

0

y=a y=a .
ls = —2wergg vzd—w - / d—w dvy | . [4] a) = Oields
dy y=0. Y0 dy y=a
| | | | |ty - ZERRT [ gy o 2R gy iy
The first term in brackets in Eq. [4] is equal to zero since pl pl
dy/dy = 0 wheny = 0 andv, = 0 wheny = a. Thus Eq. [4] y=0
reduces to _ 2was;sgAPE (9]
:ad ,bLL
Is = 2wereo / d_‘ﬁ dv,. [5] As mentioned earlier the flow-induced streaming potential prc
y=0 y duces a conduction current in the direction opposite to the flo
given by
The second piece of information required to evaluate the
streaming current is a description of the velocity profile. Al- I = Ac)»bE + PWASES _ (kb +/\Sﬂ> ACE, [10]
though Eq. [5] is evaluated over the entire half-height of the L L Ac L

channel it is important to note thdi//dy is negligible every- q h ional d doeri
where except in the double layer region near the solid surfaéf\@erep‘c andP, are the cross-sectional area and wetted perim

As such this is the critical region where the velocity profile mudgr Of the channek, is the bulk conductivity, anils is the surface

be accurately known. condl:]ctlwty. q i h h .
In the classical approach to this problem it is customary to In the 1930s and even earlier, authors such as Briggs (9) re

determine the velocity profile from the Navier—Stokes equatié?‘gn_'zed that the dependencegepotenual on the radius of the
for momentum by considering the pressure drop as the offt pillary tube was I|I§ely the resu!t of a surface conductang
motive force (i.e., ignoring any body forces which may be caus&ffect. At the time this result and interpretation were not uni

by electrokinetic effects). Using this approach for the paraII¥Fr5a"y _accepted and there was some de_l?ate as t(_) _Whether
plate geometry, Eq. [6] is obtained ¢-potential was truly a material- and condition-specific charac

teristic. In his pioneering work, Rutgers (10) developed a rele

d2, dP tionship between the surface, bulk, and total conductivity of

Lae s 0, [6] solid—liquid flow system which led to the above form of Eq. [10].
y For a parallel plate channel with > a, such as that shown in

Fig. 1,Pw/Ac &~ 2/h, so Eq. [10] reduces to the slightly simpler

wherey is the viscosity and P/d zdescribes the change in presform shown below,

sure along the-axis and is usually approximated aq\P/L,

whereAP is the total pressure drop andis the length of the 226\ Es

channel. The solution to Eq. [6] can be found quite easily by le = 2aw| Ap + —— | —. (11]
. . s . h /L

applying the no-slip boundary condition at the shear plane, i.e.,

vz =0 aty = +a, and is well known as the Hagen—Poiseuillan important consequence of Eq. [11] is that for large channel

or parabolic flow profile given by Eq. [7], such as wheh > 200 m, surface conductance effects can be
ignored.
v, = A_Pa_2 (1_ Y_2> [7] For steady-state flow). + Is = 0. Inserting Eq. [9] and
L 2u az)’ Eq. [11] into this condition yields the following expression,

Since the velocity profile is required only in the thin region Es _ &g 1 [12]
near the surface it is customary to further simplify Eq. [7], al- AP w (Ao +2xrs/h)
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ations Eq. [12] and Eq. [13] are likely to be at best in error an
at worst invalid.

In this paper the classical slope—intercept method for dete
mining thez -potential and surface conductance of a solid surfac
will be extended to account for cases where the above conditio
are not met. As will be shown below, this was done by the add
tion of a correction factor applied to the left-hand side of Eq. [13
to account for deviations from conditions 1 and 2 and a sloy
correction which accounts for cases where condition 3 is n
met. Additionally a general least-squares analysis is describ
Linear Curve Fit which accounts for uncertainty in the measured channel heig
as well as unequal variance in the streaming potential measu
. . . . . ments. The improved slope—intercept technique will be con
Inverse Channel Height, 1/h [1/m] pared with the classical method and shown to have drama
effects when the channel height is small and/or the solution
ionic concentration is low.

In this paper, both the classical and modified slope—interce
techniques have been applied to streaming potential data m

red for glass surfaces at channel heights ranging fram &

o~ =
.

eoAPIEX, [1/V]

FIG. 2. Determination of the;-potential andis by using the streaming
potential data and the slope—intercept method.

It is this form of the equation, or some variation thereof, that
the. basis for the evaluatiqn of the e!ectrokinetic properties o uum, for three streaming solutions of differing ionic con-
solid surface from streaming potential measgrements. centrations. As will be shown the classical method will al-
Eq. [12] can be expanded and rearranged into the form ShOWHys overestimate both tiyepotential and surface conductance
below, Additionally it is demonstrated that traditional regression tect
nigues where the uncertainty is confined to the dependent va

ereq AP 1 225\ 1 .. .
==+ <—>— [13] able and each measurement is given equal weight may w

HEsp ¢ ap/h produce physically inconsistent results.

Using Eq. [13] a “slope—intercept” method was developed to
determine both the-potential and.s by measuring\ P andEg
at different channel heights. In the classical form of this tech- o5 giscussed above. the premise on which the classic

nique the relationship betweenP andEs is measured experi- method is built is largely dependent on the assumption of neg
mentally at a number of different channel sizes. The paramefgp|e EDL effect on the flow. It has long been known that this is
ereo AP/ Eshp is then plotted as a function of/b and lin-  generally not the case for small channels with agueous solutio
ear regression is performed as shown in Fig. 2. According & 5 |ow ionic concentration. Since the key reason for ignorin
Eq. [13], they-intercept of the regressed line is then related igyrrections to the classical equations is the increased comples
the¢-potential and its slope to the surface conductance. st the mathematical analysis, the major purpose of this paper
_As pointed out earlier, the derivation of Eq. [12] and Eq. [13h, propose a simple method by which the slope—intercept meth
did not consider the electrokinetic or EDL effects on the flowss, pe extended to account for the more general cases.
The applicability of these equations therefore is limited to large 1, begin, the Navier—Stokes equation [7] is modified to ac
channel systems. In other words the accuracy of Eq. [12] aggynt for the additional body force caused by the streamir
thus Eq. [13] is dependent on the following three conditions: yotential acting on the ions in the mobile or diffuse part of th

2. IMPROVED SLOPE-INTERCEPT TECHNIQUE

(1) The channel size must be relatively large. double layer region,
(2) In comparison with the channel size, the double layer d2v dP E
must be sufficiently thin that the velocity profile remains essen- Md_yzz 4 + f,o(y) =0. [14]

tially linear for the entire channel cross section.

3) Thg streaming potential is suffici_ently.smallthat the ele®ubstituting Eq. [2] forp(y) as before and again assuming &
troosmotic body force on the mobile ions in the double laygfear pressure drop across the channel, Eq. [15] is obtained,

region can be ignored.
d?v,  geEsd?y AP

It should be noted that these three conditions are often re- vz = 42 al [15]
lated. For example, in a high ionic concentration solution flow- y n y s
ing through a microchannel, both EDL thickness and streamingegrating Eq. [15] twice yields
potential are small. In the case of low concentration solutions
and small channels, the double layer is relatively thick and the nly) = Erée ESIﬁ(Y) _APy? + ey + . [16]

streaming potential is relatively large. In the latter of these situ- ul ul 2
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The constants of integration in Eq. [16] can be determined Bgribing the 1-D velocity profile of a solution through a parallel
applying the no-slip boundary conditions at the beginning of thate microchannel with the electrokinetic or electroviscous ef
shear planey = +a, ¥(0) = ¢, v,(0) = 0, yielding Eq. [17], fect on the flow,

APa? 2 r€0Es 2 2 ré€oEs inh
e A

It is important to note that up to this point no simplifying asFrom Eq. [22] it is apparent that the second term accounts f
sumptions have been made. However, unlike in Section 1,ti electrokinetic or the electroviscous effect on the flow, an
completely define the velocity profile an expressiomfdy) is when; = 0orEs = 0, the velocity profile reduces to the Hagen—
required. To obtain such an expression, an analytical solutiordgjseuille solution described in Section 1, Eq. [7].

Eq. [2] is necessary. Using the form of the velocity profile given in Eq. [17], the

For symmetric valent ions, the net charge density in Eq. [}reaming current can be evaluated from Eq. [5] as
is given by the Boltzmann equation as

y=
B ) zey A P dl// go&rEg dyr
= (" —n7)ze= —2nyzesinh[ —= |, 18 = -
p=( ) o (ka) [18] Is=2weee; L ydy dy+ —— L f <dy
y=0 y=0
wheren, is the bulk ionic concentration,is the valence of the [23]
ion, eis the charge of an electrok, is the Blotzmann constant,

andT s the absolute temperature. Substituting Eq. [18] intp, o 4y integrals in the above equation can then be evaluat
Eq. [2] yields by making use of Eq. [21],

d?y 2 _(zep y=a

rv Enozesmh<m> : [19] / (d_¢> dy— ca<1— coshga) — 1) (24a]
Nay 9= casinha)

Unfortuately, even for a flat surface, the general analytical solu:™°

tion of Eq. [20] does not presetit(y) inthe explicitformneeded Y72 2 2,

to obtain an analytical solution of Eq. [17]. Therefore, a lin- n/ (d—w> dy = ( . LK ) <S|ntha) coshka) + §>'

ear assumption referred to as the Debye—Huckel approximatiopY . dy sinh(ca) 2 2

was used here to simplify Eq. [19]. Assumitapy/ ke T| < 1,

Eqg. [19] reduces to [24b]
d2y Thus, the final solution for the streaming current is given by
— =%y [20a]
dy?
2 E
ong22e2\ /2 I = 2wergo (A Prag, — s£r80§ ,32> [25a]
= ) [20Db] Cul
er&okp T H
_ _ g =1 coshka) -1 [25b]
wherex is the Debye—Huckel parameteydis often referred to xasinh(a)

as the characteristic thickness of the double layer. The applica- 2

bility of the Debye—Huckel approximation has been discussed Bo = < . ra ) (sthca) coshka) + }> . [25c]

by a number of authors. Hunter (1) states that in general the sinhca) 2a 2

approximation is valid when is less than about 25 mV at room

temperature; however, for situations like the flow-through capil- Using Eq. [25a], Eq. [11], and the steady-state condition

laries this approximation may be valid foras high as 100 mV. lc = 0, @ more general form of the Smoluchowski equation i
Equation [20] can be solved by applying the boundary condibtained,

tionsy = ta, v = ¢ andy = 0, ¢ = 0, yielding

Es &r€ol
S ik — [264a]
AP u(ro + 21s/ h)
V)= Gy ST [21] N
@, = [26b]

1 + Ba(eren)?¢? -

Substituting Eq. [21] into Eq. [17] yields the final equation de- a%u(hp + 205/ h)
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45 ' 250 value of the slope correctior(ereo)2¢ / iwAn, must be subtracted
N ::;:z'xmﬁon from the slope of the best-fit line before it is used to determin
+ 200 the surface conductance.

3.5 1

2.2. Physical Significance of the Modifying Factors

T150 <o

M

The 8; modifying factor is a function of only the Debye—
Huckel parameter and the channel height. The value of this p
rameter characterizes the effects of channel height relative
the EDL thickness. Physically it would be expected that as tt
channel height decreases or the double layer thickness increa
which is equivalent taa decreasing, this effect should become
0 - ' - ' - 0 more pronounced. This is confirmed in Fig. 4 where it is ap
parent that as channel height and ionic concentration increa
B1 approaches unity and thus Eq. [30] reverts to Eq. [13]. Frot
FIG. 3. Relationship between approximated and actual valuesdbr ~ Fig. 4 it is apparent that at small channels in pure water tt

Bz (10° M)

o
p=4
=
o
(=2

T 100

Channel Height [um}]

parallel plate channels. magnitude of8; can be very significant, reaching as low as 0.
whenh = 3 um and not reaching 99% of its final value uritil
2.1. Improved Slope—Intercept Method is greater than 6@m.

L . - As aresult ofs; always being less than unity, the left-hand side
lo\;irr‘]z isé’:r?t'i'gfa“o” of Eq. [26] begins by recognizing the foli, =, 13 will always be less than that of the classical Eq. [13]

Returning then to Fig. 2 and comparing the two methods, it |
coshg) apparent that for measurements made at any real channel hei
Jlim Sinh®) = [27] the improved method will always yield a slope of lower magni
tude and a-intercept of higher magnitude (i.e., more negative)
g Consequently, the previous analysis done with the classical tec

nique is likely to have predicted valueswdndig that are higher

2 than the true values.

B2 = ( . e > (sthca) coshia) + }> ~ E. [28] The slope correction factor(ee0)2¢ / i, is required to ac-

sinhca) 2 2 2 count for the additional body force on the ions in the double laye

By applying Eq. [27] to Eq. [25c]8, can be simplified to yiel

gion, caused by the induced electrical field (i.e., streamir
8}ential). This counter pressure, known as the electroosmo
ack pressure, will result in a reduction in the flow velocity
Since the flow velocityy,, is reduced it is apparent from Eq. [1]
tmgt the magnitude of the streaming current will be lower, whic
then induces a lower streaming potential, thus increasing t
ratio of AP/Es. The magnitude of this effect is approximately
proportional to 7 h and as a result will lead to an increase in the

The range where such an approximation is valid is actualfl
quite large as seen in Fig. 3. For the extreme case of pure wi
(10°% M) the approximation converges to within 99% of th
actual value atall channel heights greater thap®3At smaller
channel heights the divergence is quite rapid, and users of
technigue should be aware of this limitation whea is very
small.

With the above approximation, Eq. [26] reduces to

Es €o€r¢ B1 1.1
AP el [29]
AP i + 2he/ ) 1 1 Mo

1O+ 2.5/ ) EE E——————— P e

-

which can be rearranged into a form similar to that of Eq. [13] 091,

as shown below, 0z |

PRI < 2hs | K(ereo)’C ) 1 o o7
uAbEs & Chp MUAb h v
Equation [30] is the final form of the equation for the improved —C—106M
slope—intercept method. %% .- Cot0aM
By comparing Eq. [30] with Eq. [13] (the equation for the ,, , , , , ‘ ‘
classical method), the differences and similarities are apparer 0 5 10 15 20 25 30

The above form of the equation still allows for the same graphicau Channel Height [um]

technique to _be used as before to qetermiW]d)&si howe.Vera FIG. 4. B, correction factor as a function of channel height for different
thepB; correction factor must be applied to the left-hand side. Thelution concentrations.
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magnitude of the slope of a best-fitline, which must be accountetieres,, andoy, are the standard deviations of lte measure-

for before the surface conductance is calculated. An importanent in thex andy directions. In general, statistical weighting
consequence of Eq. [30] and this correction is that it sugges&gsequired to account for the possibility that the uncertainty i
that even ifis = 0, the A P/ Eg relationship still depends on theeach measured value may not be constant. Wolberg (11) give
channel height, unlike the classical method which predicts thddtailed explanation of statistical weighting as well as justifica

no such relationship should exist. tions for Eq. [34a] and Eq. [34b].
It is common practice when a linear least-squares analys
3. LEAST-SQUARES ANALYSIS is performed to make two assumptions: that the variance of &

measured or dependent values is equivalent and that the er

As discussed previously once the experimental data are pligtthe x or independent measurement is negligible. As a resu
ted, the; -potential and surface conductance are determined frarg. [33] reduces to the special case and more familiar form,
a best-fit line through the data points. To do so, generally a least-
squares analysis is performed. It should be pointed out that how L,
such aleast-squares analysis is conducted will directly affect the S= Z Ry [35]
accuracy oft and)s. A general technique for performing this =t
regression will be discussed in this section. In the case considered here, the above assumptions are not r

As mentioned earlier the values pfand A5 are determined essarily justified. First there is no reason to makeaguiori
from the slope and thg-intercept of a line of best fit, as shownassumption that all the dependent variables will be of equal vat
in Fig. 2. The most common method of determining this besince. Uncertainties in th& P/ Es relationship, for example due
fit line is through least-squares analysis, which minimizes the electrode imbalance and changes in the bulk conductivity ar
sum of squares of the error between the experimentally observéstosity due to slight temperature changes, can all contribu
value and that predicted from the curve fit. Since Eq. [13] and the overall uncertainty to varying degrees. Statistically thos
Eq. [30] are linear equations with one independent variable, theta points that are known to be of a lower accuracy must t

general form of the best-fit line is given by Eq. [31], given less weight than those that are known more precisely. Al
ditionally the effective height of the channel is never knowr
Yi = 01X + oz, [31] exactly but is known to within some precision. Effects such a

. surface roughness, unparallelism of the plates, and uncertair
wherey; andx; are the calculated (or adjusted) values of the de 9 P P

pendent and independent variables respectivelypanthde, in the actual phannel r_neasurement itself can all _contribute totl
are the best-fit parameters for the slope and intercept. Since;t(?"ltaI uncertalr'lt.y. As will be d.e monstrated Iatgrfallure toaccour
data are likely to be at least somewhat scattered about the bestqﬁithese additional uncertainties can resiltin large errors.
line, residuals are defined as below, which describe the diff 1

.1, Minimization of the Least-Squares Function
ence between the calculated value and the measured (observed) q

value, The method of minimizing Eq. [33] is more complicated thar
that for Eq. [35], but the basic algorithm is primarily the same
Re = Xi — Xi [32a] In both cases the approach is to find the values of the fitte
parameters which make Eq. [36] equal to zero,
Ry =Y —Vi, [32b]
1 a
whereR,, andR,, are the residuals ang, andY; are the mea- 505= 21: (wy Ry 8Ry + wy RS8R ) =0.  [36]
=

sured values.

_ To determinew; anda; the following general least-square§t ihe traditional regression approach is taken Eq. [36] is great
risk function |s_def|ned_ whose value is minimized whgrand simplified sincew,, = 1 andR, = 0. The main difference be-
a2 assume their best-fit values, tween the two minimization procedures is that while the tradi

n tional least-squares problem can be solved directly, the gene

S= (wy, Rﬁl + wy, R)% ) [33] case requires an iterative solution. The following procedure fc

i=1 minimization of Eq. [36] was used in this study and is suggeste
for use with the slope—intercept method; the mathematics of tt

wheren is the number of data points. The weight functiong, solution are detailed in the Appendix

andwy,, are given by Eq. [34a] and Eq. [34b],
() Initial guesses fow; anda, are made. The actual value
1 of these guesses is not critical in the traditional method where

wx szi [34a] direct solution can be obtained; however, for the more gener

1 procedure the accuracy of the guesses can lead to converge

wy, = —, [34b] ordivergence of the algorithm. The reader is referred to Wolbe!
0,

Yi (11) for more details.
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(2) With the measured values ¥f andY;, the values of two describes the range in which the actual or true values of tl
functionsF;, Eq. [37a], and_;, Eq. [37b], are computed for eachbest-fit parameters are known to be within a confidence-ofil

data point: In the following section the above regression technique ar
uncertainty analysis will be applied to both the classical an
F=Y —ou1 X —ay i=12...n [37a] improved forms of the slope—intercept method for streamin

potential measurements made in slit glass channels. As will |
shown failure to account for the uncertainty in both the chann
height and streaming potential measurements in the regress
algorithm can produce inadequate results.

Li = Gfi + (a10%)? i=12...n [37b]

(3) UsingF; andL;, the values ofA; and A, are computed
directly from the linear system shown below,

Ay 4. ELECTROKINETIC CHARACTERIZATION
C|: ] =V [38a] OF GLASS SURFACES

Az

s X2 3 X In this _section th_e slope—intercept technique will be applie
C— =11 =11 [38b] to strea_lmlng potentlal_ measur_ements made on glass surfaces

. >L<_ s L; three different streaming splutlons: pure V\_/aterjm KCI, and
: : 10-3 M KCl aqueous solutions. A comparison will be made be
D XL_F tween the improved method and classical techniques. Additio
V=-— | F' . [38c] ally the results obtained using the general least-squares regr
2ot T sion algorithm outlined in Section 3 will be compared with thos
obtained using the traditional least-squares regression methc

(4) A; and A; are then used to compute the updated values
of «; anda; using Eq. [39]: 4.1. Experimental Procedure

tlnew = loid — Ax K=12 [39 Streaming potential measurements were carried out in tl
' variable height parallel plate channel device described in d
the updated values of; anda, until a convergence criterion is distance between two 10 ms 20 mm flat surfaces from over

met. Wolberg (11) suggests the following criteria, 50 um down to 1um in perfect parallel position without hav-
ing to remove the sample surfaces. Plate parallelism along the

Aoy andz axes, see Fig. 1, was controlled via an optical microscop

ok <€ k=12 [40] A high-pressure Blgas reservoir is used to produce the pres

sure drop across the channel which is controlled electronical

wheree is a predetermined error tolerance. by a pressure transducer and electromagnetic valve. For furtt
details on the apparatus the reader is referred to the above re

3.2. Uncertainty in the Least-Squares Parameters ence and more information on the details of streaming potent

dgeasurements is given in Hunter's book (1).

Measurements of the streaming potential and pressure dr
g conducted at five different channel heights ranging frol
to 3 um for three streaming solutions: 1DM KCI

As with any statistical treatment of data, of utmostimportan
in a least-squares analysis is the uncertainty in the best-fit pa
rameters. For the general least-squares analysis presented aly&V
the standard deviation of the best-fit parameters can be estimeﬁgd‘,m

from Eq. [41] (11), solutlo_n, 10* M KCI solution, and pure water. At each chan-
nel height the measurements were conducted over a numbel

o F-Z/L- 1/2 pressures ranging from 2.4 kPa to over 50 kPa. The height

ok X (L") (Cl:kl)l/z k=1,2, [41] the channelwas determined by relating volume flow rate me
n-2 surements of a high concentration solution, thus no double lay

) effects, toh using Eq. [7] and was assumed to be accurate |
whereF; andL; are given by Eq. [37a] and Eq. [37b] evaluatediinin +-0.2 m.

at the best-fit parameters a@g is the diagonal element of the

coefficient matrix Eq. [38D]. . _ 4.2. Application of the Slope—Intercept Technique
Using Eq. [41] the confidence interval on the best-fit param- _
eters can be determined by Eq. [42], Figures 5a, 5b, and 5¢ show the results of the streaming pote
tial data collected for the pure water, T0KCI, and 103 KCI
a — okt(g/2n-2) < & < A + okt(g/2n-2). [42] streaming solutions respectively and the comparison betwe

the different slope—intercept techniques and regression me
whereton—2) is the value of the-statistic at a confidence ods. In each case the average value of the parameter on the |
level of 1— B with n — 2 degrees of freedom. Equation [42]hand side of Eq. [13] and Eq. [30] over the range of pressure
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14.2 x 10~? S/m for pure water, 16 KCI M, and 103 M KCI
solutions respectively.

In each of Figs. 5a, 5b, and 5c¢ three regression lines are shov
The first (dashed line) is the best-fit line using the general leas
squares algorithm presented in Section 3 applied to Eg. [13], tl
classical slope—intercept equation. The second (thick solid lin
is the same algorithm applied to Eq. [30], or the improved slope
intercept equation. The linear unweighted line is the traditione
least-squares algorithm, applied to the improved slope—interce
method. The results are summarized in Table 1.

Upon comparing Figs. 5a, 5b, and 5c, two points are imme
diately apparent:

(1) The lower the ionic concentration, the bigger the differ-
ence between the slope—intercept techniques and between
regression methods. So the error caused by the classical mo
and the unweighted regression method is large for pure wat
and dilute solutions.

(2) For a given solution, the smaller the channel height, th
larger the difference between the classical and improved mode
as shown by the distance between the data points markéd by
(classical) and by (improved).

As mentioned in Section 2, the application of heorrection
factor will have two effects on the best-fit line: tiyentercept
will be shifted down (i.e., more negative) and the slope will be
less severe. By examining Figs. 5a, 5b, and 5c or Table 1 th
is indeed apparent in each case; however, it is only significa
for pure water. For that cagh ranges from 0.98 for the largest
channelto 0.8 for the smallest, resulting in the significant differ
ences between the classical and modified data points obsen
at the smaller channels sizes in Fig. 5a. As a result the classic
method overestimates tlgepotential by 12.5% and the surface
conductance by 35%. In the higher concentration cases, whe
double layer effects are less significant ghdpproaches unity,
the differences are less significant and in fact nearly disappe
for the case of the ¢ M solution.

As alluded to earlier sincg; is less than unity the improved
method will always reduce the magnitude of the dependel
parameter and shift the data points up on the chart. While larg

TABLE 1
Results of the Least-Squares Analysis and the Two Slope-
Intercept Methods Applied to the Streaming Potential Data of the

(a) Comparison between the classical and the improved slop&lass Surface-Solution Systems

intercept methods with the streaming potential data for glass surface in pore

water. (b) Comparison between the classical and the improved slope—intercept
methods with the streaming potential data for glass surface i MOKCI
solution. (c) Comparison between the classical and the improved slope—interdeyte water (Fig. 5a) Improved

methods with the streaming potential data for glass in"z XCl solution.

is shown and the error bars represent the standard deviation of all

measurements. The viscosity was taken.@83x 102 kg/ms;

the dielectric constant,, and permittivity of free spaces,,

were taken as 80 and®54 x 1012 C/Vm. The bulk conductiv-

ity of the solutions was Q x 10~2 S/m, 142 x 10~2 S/m and

Intercept Slope ¢ (mV) is(nS)
-11.67 -3.05x10* -86  1.31
Classical —10.31 —3.80x 104 —97  1.84
Unweighted —21.24 —244x10* —-47  0.58
10~ KCI (Fig. 5b) Improved —16.88 —391x 10> —59 1.64
Classical —16.87 —410x 10> -59  1.73
Unweighted —18.02 —2.96x 10° -55  1.16
103 KCI (Fig. 5¢) Improved —17.96 —-502x10° -56 19.8
Classical —17.94 —522x 10> —56 20.7
Unweighted —19.14 —459x10° -52 17.0
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a-11o like the¢-potential, as ionic concentration increases the surfac
-100 conductance should also increase. From Fig. 6b it is appare
90 ] that all three methods predict a significantincrease in the surfa
_BOF conductance as the ionic concentration increases frorhNi@o

s 10-3 M. Comparing the results of the 1®M and the 10* M so-

5 70 lutions from Table 1, however, it is interesting to note that while

g -60 | the improved approach shows an increasing trend the classi

- { solution suggests that will remain about the same; in fact it
_40f - mproves actually decreases a small amount. This is aresult of the classi

o Classical technique overestimating the surface conductance at the low

%07 & Linear Unweighted concentration.
-20

By examining the error bars in each of Figs. 5a, 5b, and £
it becomes apparent that the standard deviation, and therefi
uncertainty, of the measurements made at each channel hei

1.0E-06 1.0E-05 1.0E-04 1.0E-03

Concentration [M]

b 25608 are notthe same. Theerror bars show that as the channel heigh
&~ General decreases the significance of th8.2 um uncertainty becomes
-©-Classical . . . . .
205081 - Linoa Unwetghtod ) quite consequential, in extreme cases nearing the magnitude

) they uncertainty. By examining theerror bars itis apparent that
‘;; R 3 all the data points do not show equal variance and thus should |
5 be given equal weight. As a result the assumptions required f
§ the traditional regression method (see Section 3) to be applical
5 0B8] are not met in this case and in fact that algorithm yields resul
§ dramatically different than those obtained from the more gener

5.0E-09 | method as mentioned earlier.

= —A 4.3. Uncertainty Analysis
0.0E+00 4 T
1.0E-06 1.0E-05 1.0E-04 1.0E-03

Critical to any statistical curve-fitting analysis is the certaint
with which the parameters can be said to be accurate. This

FIG. 6. (a) Variation of¢-potential with ionic concentration for different done with a-test as described in Section 3.2. Such an analys
slope—intercept techniques. (b) Variation of surface conductance with ionic cémas been performed here for all three regressed lines to the 9
centration for different slope-intercept techniques. confidence level and the results are shown in Table 2.

For the higher concentration solutions; #0M and 10 M,
differences are noticeable in Fig. 5a the other two figures shés method has yielded the true value of thpotential for the
relatively minor differences, even at the smaller channel heighgslid surfaces to withiee5 mV with 90% confidence. Similarly
As a result it can be concluded that at these concentrations fethe two lowest concentration solutions, 20 and 164 M,
EDL has little effect on the flow or the velocity profile. it can be said with 90% confidence that the true value surfa

The other consequence of the improved slope—-intercgi@nductance is withiet1 x 10-° S of that shown in Table 2.
method was the slope correction, which results from the elec-The most significant result of the error analysis is the unce
troosmotic back-pressure on the flow. The value of this corrd@inty of thez-potential result for the case of pure water. Ther
tionis—1.15x 108, —6.85x 10°7, and—6.38 x 108 for the

Concentration [M]

pure water, 16* M, and 10 M KCI solutions respectively, _ TABLE 2
which are all less than 1% of the observed slope. Thus, for this 90% Confidence Levels on ¢ and A; Results of the Glass
example the electroosmotic back-pressure can be effectively ig- Surface-Solution Systems

nored; however, in cases where surface conductance is very low

: ; . . . ¢ (mv) s (nS)

or ¢-potentials very high this correction must be considered. _ .
Figures 6a and 6b show the variation in#hpotential and sur- Low  High Low  High
face conductgnce with ionic concentration, foreachofthethrge | . (Fig.52) Improved 54  —201 0.9 17
methods outlined above. While both Eq. [13] and Eqg. [30] com- Classical 63  —209 1.4 23
puted with the general regression technique show the expected Unweighted —23  +2090 0.3 0.9
decrease irg-potential with increasing ionic concentration, itio-4 k¢l (Fig. 5b) Improved _55 _64 11 292
is apparent that the traditional regression technique has yielded Classical —-55 —64 1.2 2.3
a physically inconsistent result with the lowespotential oc- Unweighted  —47 —67 0.5 18
curring for pure water. This is the result of the traditional tect0~> KCl (Fig. 5c) ~ Improved —61 -51 104 293
nique placing too much weight on the measurements made at Classical —61 -51 111 303

Unweighted —58 —47 13 21

the smaller channels where the uncertainty is the greatest. Un-
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are two major reasons for this. First the standard deviation of thificant in small channels in low concentration solutions. Sinc
intercept, as calculated by Eq. [41], was much larger in this cabés correction was always less than unity it was concluded th
than in the other two examples, likely due to the relatively largae classical technique would overestimate ghgotential and
uncertainty in the measurements made at smaller channels. Aadace conductance. The second correction accounted for 1
contributing to the large confidence range, however, is the sedectroosmotic back-pressure on the fluid in the channel. As wi
bility of the solution at high; -potentials. Since the-potential shown the magnitude of this correction is approximately linez
is the inverse of thg-intercept it is obvious that such cases willvith channel height and it must be subtracted from the slog
have intercepts very negr= 0. Neary = 0 a small change in prior to the computation of the surface conductance, leading
the intercept will have a large effect on thepotential. For ex- a further overestimation of the surface conductance by the cle
ample, az-potential of—200 mV coincides with g-intercept sical technique. Such a correction would be very significant i
of —b5; if the confidence level on interceptd=2 units the range cases of very low surface conductance.
of ¢-potentials would be from-142 mV to—333 mV, aspan of  In this paper, streaming potential data obtained for glass st
190 mV. If the same level of confidence is placed on an intercdptes in a variety of solutions ranging in ionic concentratior
of —20, the range of -potentials is much smaller at45 mV from 10® M to 10~ M are presented. When the two meth-
to —55 mV, a range of only 10 mV. Thus a highpotential is ods were applied to experimental streaming potential data,
bound to be much more unstable than a pyotential. Thisis was confirmed that the classical technique indeed overestima
well demonstrated for the case of interest by the asymmetryhbioth the¢-potential and surface conductance of the solid sul
the confidence range since the lower 90% confidence valudase. In solutions of low ionic concentration, nearing that of pur
32 mV below the mean and the upper is 115 mV above it.  water, this overestimation was shown to be quite significant. A
In the above section the slope—intercept method has beentée-solution ionic concentration increased and the thickness
plied to streaming potential measurements made on glass she double layer diminished, the two methods were shown |t
faces for three different streaming solutions. In all cases theoduce nearly identical results.
classical method overestimated the value ofgttmotential and ~ The traditional regression technique, which assigns equ
surface conductance, with the most significant differences oleight to all data points and ignores uncertainty in the indepet
served for the case of pure water. When the ionic concentratident measurement, was shown to be inadequate when appliet
was increased the improved and classical methods convergggderimental data and in some cases produced physically incc
to the same solution even when relatively small channels wesistent results. As such it is recommended that the more gene
used to make the measurements. It was also shown that at highehnique described here should be used. Examining the 9(
¢-potentials the stability of the solution can be a problem and uoenfidence range in the fitted parameters suggested that solut
certainties are likely to be larger than those for lpywotentials. instability may be a problem at highefpotentials since small
changes in thg-intercept can result in significant errorsgdn

5. SUMMARY
APPENDIX

Electrokinetic characterization of solid surfaces is important

to a number of fields in engineering and the physical science AS mentioned in Sectiqn 3 the Iine_ of best-fit required for the
The slope—intercept method is a technique by which the slope—intercept method is found using a general least-squal

potential and surface conductanze, can be determined from analysis which determines the values of the fitted paramete

streaming potential measurements conducted at different ch[an"f!t minimize the sum of squares of the error between the me
nel heights. In the classical form of the technique, the parame?é'lr?d gnd_predlcted values. For th_e general case V\_/here statist
e160AP /1 Eshy is plotted as a function of the inverse channé’l‘(e'ght'ng isusedand errorsmthem_dependentvarlables are cc
height, 7h, and¢ and s are then determined from the slopes'dered it was shown that Fhe be;t-flt values of the slepeand
and intercept of a best-fit line through these points. The abdiiercepta, are those which satisfy Eq. [AL1]:
form of this technique is derived on the basis of assumptions n
that are in general not true for small parallel plate channels in —8S=
solutions of low ionic concentration. 2 i=
In this paperan improved slope-intercept technique has beet]’he solution to Eq. [Al1.1] begins by defining a conditional
developed which accounts for cases where the EDL or the el?l?ﬁction E for each of the measured data points
trokinetic effect on the flow is significant. Additionally, a gen- o P '
eral Ieast-sql_Jares regre_ssion analysis i; discu;sed as.well a ith:eYi (X @)=Y —arXi —a2 £0, i=1,2,...n,
proper technique for estimating the confidence in the final solu-
tion. To account for the more general conditions two correction [A1.2]
factors were introduced to the classical technique. The first wabkere the uppercasg and X; are the measured values corre-
a correction applied to the.ecAP/uEgAp parameter, which sponding to théth data point andvy; anda, are the initially
accounted for the effect of small channel height or relativelyuessed values of the slope apthtercept. The above expres-
thick EDL. As expected this correction became was very sigion is expanded in a Taylor series about the point wkeee 0,

(wy Ry SRy, + wy RS8Ry ) = 0. [AL.1]
=1
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yielding Substituting Egs. [A1.9] into Egs. [A1.8] and solving far
yields
oF oF; oF; aF
F= g R Rt M g e 1
, i o1 02 M=—F+XA+A), i=12...n [A1.10]
=Ry —a1Ry — XiAL— Ay, i =1,2...n, [AL3] Li
. Substituting Egs. [A1.10] into conditions [Al.7c] and [A1.7d]
whereA, andA; are given by yields a set of two equations and two unknowns, which is mo
A« = aklold — klnew, k=1,2. [AL4] Oftenexpressedas
Varying the residuals of Egs. [A1.4] so that the conditional CA=V [Al.114]
functions are made equal to zero yields Egs. [A1.5], n X noX
c_|Z=T Zial [ALl.11b]
0=106Ry — 18Ry — Xi8A; —8A;, i =1,2,...n. [AL5] YL YLt
Using the method of Lagrange multipliers, each of Eqgs. [A1.5] Y XL—F
is multiplied by a different multipliera;, and then subtracted = - 0 F [Al.11c]
from Eq. [Al1.1], yielding 2t

n

n
> (wy Ry = A)8Ry + > (wx Re + hiaa) SRy
i=1 i=1

Equation [A1.11] can then be solved directly for the values c
A; andA,, which are then related to the least-squares best-fit p
rameters through Eq. [A1.4]. Since the value:pin Egs. [A1.2]

is only an approximation it is apparent that the Taylor expansic
is not exact and the above procedure must be repeated with
updated value af; until such time as the solution is converged

. . . . i on to an acceptable tolerance. WHgn = 0, such as is the
Since the variations are arbitrary, Bq. [A1.6] is satisfied Ongse in the traditional least-squares analysis, Eqs. [Al.2] are ¢

n
AiXi6 AL + ZM(SAz =0.
i=1

+ n [AL.6]

i=1

when o .
act and Eq. [A1.11] will yield the best-fit values of anda;
A directly.
Ry, = —, i=12,...n [Al.7a]
Wy
Ao ACKNOWLEDGMENTS
R, =——, i=12...n [AL1.7b]
Wy The authors thank the Natural Sciences and Engineering Research Fund
n financial support through scholarships to D.E. and through a research grz
> aiXi =0, [A17¢] toD.L
i=1
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